Abstract. We give a simple proof of a version of a classical theorem in multi-dimensional Diophantine approximation due to W. Schmidt from [14] . While our version is weaker, the proof relies only on the Birkhoff ergodic theorem and the Siegel mean value theorem. Our technique also yields results on systems of linear forms and gives us an analogous result in the setting of translation surfaces.
Introduction
Suppose ψ i (n) : N → R, 1 ≤ i ≤ k are non-negative functions and that ψ(n) = k i=1 ψ i (n) is monotonically decreasing. In 1926, A. Khintchine showed that Theorem ( [6] ). If ∞ n=1 ψ(n) diverges, then there are infinitely many solutions (n, p 1 , ..., p k ) to the system of inequalities |x i n − p i | ≤ ψ i (n), for a.e. (x 1 , · · · , x k ) =: x ∈ R k . If ∞ n=1 ψ(n) converges, then there are at most finitely many solutions for a.e. x ∈ R k .
This statement was later refined by W. Schmidt, who showed in [14] that the number of solutions of the system of inequalities,
with 1 ≤ n ≤ h is on the order of h n=1 ψ(n) while also giving an estimate on the size of the error term. Our goal in this paper is to give an analog of (a weak form of) Schmidt's theorem for translation surfaces, highlighting the well-known connections between translation surfaces and Diophantine approximation. In the remainder of this section, we state our results and the overall strategy of our proofs.
1.1. Diophantine Approximation. To motivate our work on translation surfaces, we first consider Diophantine approximation and give a simple proof of the divergence case of Schmidt's theorem for the functions, ψ i (n) := 1 n 1/k , using only the Siegel mean value theorem and the Birkhoff ergodic theorem. These functions occur naturally in questions of Diophantine approximation. Given x ∈ R k , T > 1, let N (x, T ) denote the number of solutions (n, p) ∈ Z × Z k =: Z k+1 of the system of inequalities nx − p ≤ 1 n 1/k with 1 ≤ n ≤ T . Here and below, let · denote the Euclidean norm (this is not crucial for our results, but helps to streamline our statements). Let B k denote the volume of the unit k-ball.
While this statement is weaker than Schmidt's theorem, the proof given below relies only on the ergodicity of a certain flow in the space of unimodular lattices. This is in contrast to the dynamical approaches for theorems closely related to Schmidt's detailed in [2, 8] , where mixing properties and representation theory are used. 1.1.1. Homogeneous linear forms. Let A ∈ M m×n (R) be an m × n matrix, which we view as a system of m linear forms in n variables. A classical Diophantine question is to find approximate integral solutions to the equation Ay = x, y ∈ R n , x ∈ R m . In this context, a classical theorem of Dirichlet states that, for every A, there are infinitely many solutions p ∈ Z m , q ∈ Z n \{0} to the inequality
C k denote the surface area of the unit sphere S k−1 ⊂ R k (e.g., C 1 = 2, C 2 = 2π, C 3 = 4π), and recall that B k denotes the volume of the unit k-ball and · denotes the Euclidean norm.
1.1.2. Inhomogeneous linear forms. We can also consider a system of inhomogeneous linear forms or, alternatively, affine forms: given A ∈ M m×n (R) and w ∈ R m , we want approximate integral solutions (p, q) to the equation
1.2. Lattices. Theorem 1.1 and Theorem 1.2 are consequences of a more general theorem in the geometry of numbers. Let m, n ≥ 1, d = m + n, and Λ ⊂ R d be a unimodular lattice, that is, a discrete subgroup of covolume 1 (see Section 2). Viewing
we write elements as v = (x, y), x ∈ R m , y ∈ R n . By an abuse of notation, we think of all of these as column vectors. Given b > 0, define
Theorem 1.4. For a.e. unimodular lattice Λ ⊂ R d (with respect to the Haar measure on the space of unimodular lattices), we have that
We also record a statement on affine unimodular lattices: an affine unimodular lattice
Theorem 1.5. For a.e. affine unimodular lattice Λ + v ⊂ R d (with respect to the Haar measure on the space of affine unimodular lattices), we have that
A direct computation (using a higher dimensional analog of the method of shells from calculus) shows that bB m C n log T is the d-dimensional volume of the region
where we are counting lattice points.
Translation Surfaces.
A translation surface is a pair (M, ω), where M is a Riemann surface and ω a holomorphic 1-form. We refer the reader to Zorich [19] for an excellent survey on translation surfaces. Often, we will use simply ω to refer to a translation surface. A saddle connection on a translation surface ω is a geodesic γ (in the flat metric induced by ω) connecting two zeros of ω (with none in its interior). Moreover, to each saddle connection γ, one can associate a holonomy vector v γ = γ ω ∈ C. The set of holonomy vectors Λ ω := Λ sc (ω) is a discrete subset of C ∼ = R 2 . Saddle connections arise naturally as special trajectories for billiards in rational-angled polygons; see, for example, [12] . As an example, given a unimodular lattice Λ ⊂ C, the associated flat torus C/Λ is a translation surface, and, 'marking' the point 0 as a zero of ω, the set of saddle connections corresponds to the set of primitive vectors in Λ, that is, the set of vectors in Λ which are not nontrivial multiples of other vectors in Λ. Given a translation surface ω, T > 1, and b > 0, let
Theorem 1.6. Let µ be an ergodic SL(2, R)-invariant measure on a stratum H of translation surfaces. There is a constant C = C(µ) (known as the Siegel-Veech constant of µ) so that for µ-a.e. ω, we have
In particular, there is a natural absolutely continuous invariant measure µ MV on each stratum H known as the Masur-Veech measure (for which the action of SL(2, R) was shown to be ergodic independently by Masur [11] and Veech [17] ), and this theorem applies to µ MV -a.e. ω ∈ H.
Toral Translations.
Our lattice results can also be interpreted in terms of shrinking target properties (or logarithm laws) for toral translations. Fix m ≥ 1, and α ∈ T m := R m /Z m . We consider the dynamical system generated by translation by α, that is, the map T α : T m → T m , where
where B(0, r) denotes a · Z -ball in T m of radius r > 0. Similarly, given v ∈ T m , we define
As above, let B m be the volume of the unit · -ball in R m .
Corollary 1.7. For a.e. α,
and, for a.e. α and a.e.
1.5. Badly approximable forms and bounded geodesics. Finally, we note that our results for forms, lattices, toral translations, and translation surfaces for the stratum of the flat torus cannot be improved from almost every to every because of the existence of badly approximable systems of affine forms [4, Theorems 1.1 and 1.4] (see also [7] and [15] ). For general strata, the existence of bounded geodesics [9, Theorem 1.2] (see also [3, Theorem 1.3]) shows such improvement cannot occur.
Strategy of Proof.
There is a common strategy of proof for Theorems 1.4, 1.5, and 1.6. Namely, we express the quantities R T as Birkhoff averages of an appropriate ergodic transformation on a moduli space, and apply the Birkhoff ergodic theorem. The limiting integrals on moduli space can be computed by an application of a Siegel (or Siegel-Veech) formula, allowing us to reduce the problem to a volume computation on Euclidean space. Our other results are applications of these theorems.
The space of unimodular lattices
Given a unimodular lattice Λ ∈ R d , we can write Λ = gZ d , where g ∈ SL(d, R) is well-defined up to multiplication on the right by SL(d, Z). That is, we can identify the space of unimodular lattices with the homogeneous space X d := SL(d, R)/SL(d, Z), which can be endowed with a natural probability measure µ = µ d via the Haar measure on SL(d, R).
Mean value formulas.
A key ingredient of our proof is the computation of the average number (with respect to µ d ) of lattice points in a given subset of R d . This is known as the Siegel mean value theorem, a central result in the geometry of numbers: Theorem 2.1 (Siegel's formula, [5] , pg. 584). Let f ∈ L 1 (R d , λ) where λ is the Lebesgue measure on
The space of affine unimodular lattices Y d can be identified with the space
In other words, it is a fiber bundle over X d with (compact) fiber over a unimodular lattice Λ given by the torus R d /Λ. It has a natural probability measure
As above, we have 
again, we are thinking of these elements of R d as column vectors. Let Λ be a unimodular lattice and v be an element in R d . The key observation in the proof of Theorem 1.4 is
and in Theorem 1.5 is
Ergodicity.
The key fact that we use is the Moore ergodicity theorem and its generalization to the space of affine unimodular lattices:
Theorem (Moore ergodicity [13] ). The action of {g t } on X d (and Y d ) is ergodic with respect to the Haar measure. In particular, the transformation g log 2 is ergodic.
For a proof in the case of Y d , see [7, Lemma 4.2] . Note that, by Siegel's formula above,
, which allow us to apply the Birkhoff Ergodic Theorem (see, for example, Walters [18] ):
Theorem (Birkhoff ergodic theorem). Let T be an ergodic measure-preserving transformation of a probability space(X, µ), and let f ∈ L 1 (X, µ). Then, for almost every x ∈ X,
2.4. Proof of Theorems 1.4 and 1.5. Applying the Birkhoff ergodic theorem to the expressions (2.1) and (2.2) and using Siegel's formula and our volume computation from Section 1.1, we obtain, for almost
and, for almost every
is an increasing function and
which applied to (2.3) and (2.4) yields Theorem 1.4 and Theorem 1.5 respectively. 2.5. Applications. We show how to apply the above arguments to obtain Theorems 1.2, and 1.3, and how to obtain Theorem 1.1 from Theorem 1.2. We then show how to obtain Corollary 1.7 from Theorems 1.1 and 1.3.
2.5.1. Proof of Theorems 1.2 and 1.1. Given a matrix A ∈ M m×n (R), form the associated matrix
where I m and I n denote the m × m and n × n identity matrices respectively. Setting Λ A := h A Z d , a direct calculation shows that we have, for b > 0 and T > 1,
We also have that, as t → +∞,
In fact, the set {h A : A ∈ M m×n (R)} forms the horospherical subgroup for {g t }, and, as such, the set of lattices {Λ A : A ∈ M m×n (R)} is the unstable manifold for the action of {g t } t≥0 on X d . In particular, for almost every A ∈ M m×n (R), Λ A is Birkhoff generic for the action of g log 2 , which yields Theorem 1.2. Theorem 1.1 is a special case of Theorem 1.2 with m = 1, n = k.
2.5.2.
Proof of Theorem 1.3. Given a pair (A, w) ∈ M m×n (R) × R m , form the associated affine lattice Λ A +w = h A Z d +w, wherew is the vector (w, 0 n ) ∈ R d . As above, a direct calculation shows that we have, for b > 0 and T > 1,
Once again, this resulting set of affine lattices forms the unstable manifold for the action of {g t } t≥0 on Y d , so almost every Λ A +w is Birkhoff generic, yielding the result. 
Translation Surfaces
We now apply our technique to translation surfaces, giving a proof of Theorem 1.6. While above we appeal to the Siegel formula, in the setting of translation surfaces, we use the Siegel-Veech formula. Noting that g − log 2 R i = R i+1 , we have that
By assumption, µ is an ergodic invariant measure for the action of g log 2 on H(β); by the Birkhoff ergodic theorem, the Siegel-Veech formula, and our volume computation from Section 1.1, we have
½ R1 dµ = Cλ(R 1 ) = 2bC log 2.
(Even though, ½ R1 is not a continuous function of compact support, it can be approximated by such functions for which we have the Siegel-Veech formula; a proof of this is a simplification of the technique explicitly given in [1] .) Here C = C(µ). Applying (2.5) to F (t) := R b,t (ω) yields the result.
